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1. In [I] Amitsur proved the existence of finite-dimensional division 
algebras which are not crossed products. (For a definition of crossed product, 
see [2].) His examples are all of characteristic zero. Using Amitsur’s methods 
we show the existence of finite-dimensional division algebras of characteristic 
p which are not crossed products, one for every prime p. The examples 
parallel the constructions in [I]; they are obtained from quotient rings of 
rings of generic matrices over a suitable field. 
2. Let k be a field. We denote by k[n; x, ,..., xt,] the ring of m 
generic n x 71 matrices over K. Here the zj are the n x n matrices whose 
entries are the commuting indeterminates [k,, h, u = I,..., z, and 
k[n; x, ,..., X,] is the algebra generated over k by the xj , j = l,..., m. 
Following [I] we note that R[n; it, ,.,., it,] is an integral domain which has a 
ring of quotients; we denote by k(n; %I ,..., xt,) the division ring which 
arises as the classical quotient ring of k[n; x1 ,..., xt,]. This is the source of 
Amitsur’s examples when k is the rational field Q. 
Let 2 be the center of k(n; x1 ,..., ?Zm). Since k(n; it, ,..., jz,,,) satisfies 
precisely the identities of n x n matrices for m > 2, we have 
[k(n; 8, ,..., X,) : Z] = ?22 for m > 2. 
Hence k(n; x1 ,..., gfi,) is a finite-dimensional division algebra. 
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3, We denote by 2, the field of p elements and by Z,(t) the rational 
function field over 2, in one indeterminate t. Our main result is 
THEOREM 1. Let p be a prime or 0, and m, n positive integers, m 3 2. We 
assume(n,p)=lifp>O.Ifk=Qwhenp=Oandk=Z,(t)whenp>O, 
then k(n; %, ,..,, xm) is not a crossed product when n is divisible by the cube of a 
prime. 
We note that Amitsur has proved a stronger theorem than the above in 
characteristic 0. It is proved in [l] that Q(n; x, ,..., x,) is not a crossed 
product when m > 2 and n is divisible by 8 or the square of an odd prime. 
In this paper we eliminate the p-adic case of [l] which yields this stronger 
result, but we obtain a result which is uniform for all characteristics. 
4. Let F be an algebraically closed field of characteristic p 2 0. 
Following [I] we denote by F(t) the field of formal power series over F. If 
r ,..., tj are indeterminates over F, we define inductively F(l)(t) = F(tl} and 
h{t) = (F+‘)(t)) {tj}. Th e g eneral element of F(j)(t) has the form 
where 
mj(uiil ,..., Uj) > - a2 fori<j- 1, m, > -- ~0. 
LEMMA 1. Let H be a finite extension of K = F(t, ,..., tJ of degree n. We 
assume (n,p) = 1 if p > 0. Then, H = K(T, ,..., TV), where the elements 
71 ,.-*, rr satisfy the relations 
tj = T:“, t, = 7y+p22 2 9 ti = ,;yiz . . . +,* 
Here [K(T, ,..., T-J : K(T, ,...,~&j = yii , and H is an abelian extension of K. 
Proof. This is Proposition 2 and Lemma A of [l] in the case p = 0. If 
p > 0 and (n, p) = 1, the proof in [I] still holds. 
We continue to write F for an algebraically closed field of characteristic 
p 2 0. Still using the notation of [l], let n = q1 ... q? be a product of Y primes 
(not necessarily distinct). Let K = P’)(u, v) = F(u, , v1 ,..., U, , ~~1 with 
the indeterminates adjoined in the order written. If p > 0, we assume 
(Y, p) = 1. Let Ki = K[v:‘~~] ; Ki is a cyclic extension of K of order qi with 
generating automorphism (TV , where u~(o:‘~*) = w&~~, wi a primitive qti-th 
root of unity in K. Define the cyclic algebra Ai = (Ka , u’i , q). The general 
element of Ai is of form C$’ aSsyis with CX~ E Ki and multiplication defined 
by yias = ~<(a~) yz , yp = ui . The following lemma was proved by Amitsur 
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for p = 0; we note that his proof, using Lemma I, need not be ammended 
ifp>O and (n,p)= 1. 
LEMMA 2. A = A, OKA OK... OK A,. is a division algebra central 
over K of dimension n2; the maximal sub$elds of A are abelian extensions of K 
with Galois group r = S, x .‘. x S, , Si cyclic of order pi . 
Proof. See [l]. 
In order to find an infinite field which plays the role of the rational field 
Q in [l] we need 
LEMMA 3. Let D be a noncommutative$nite-dimensional division a&ebra of 
characteristic p > 0. If k is the center of D, then k contains an isomorphic copy 
of W)* 
Proof. If the Lemma were false, k would be algebraic over 2, . But then 
Wedderburn’s theorem [3, Theorem 7c] implies D is commutative, a contra- 
diction. 
We need one more result from [l] before we prove the main theorem. 
LEMMA 4. Let p be a prime OY 0, k = Q ijp = 0 and k = ZJt) ifp > 0. 
If k(n; x, ,..., zm) is a crossed product for a group r for any m 3 2, then every 
&dimensional division algebra of characteristic p is a cross product for l7 
Proof. This is proved in [l] for p = 0. If D is an n2-dimensional division 
algebra of characteristic p > 0, then k = ZJt) C center of D by Lemma 3. 
This brings us to the situation in [I], wherein the argument is characteristic 
free. Hence we can obtain D as a homomorphic image of a suitable local ring 
over k[n; x1 ,..., $,] as in [l] to show D is a crossed product for r if 
k(n; x1 ,..., x,) is. 
Proof of Theorem 1. Let p be a prime or 0 as before, with k = Q when 
p = 0 and k = Z9(t) when p > 0. Let n be an integer with (n, p) = 1 if 
p > 0. Assume for m > 2 that k(n; %, ,..., jl,) is a crossed product for r. 
We attempt to determine lY By Lemmas 3 and 4, r is a direct product of 
cyclic groups of prime order. 
Suppose k = Q. If I and s are odd primes, we construct the n2-dimensional 
division algebra D over Q having Hasse invariant l/n at Y, - l/n at s, and 0 
elsewhere. By Lemma 4, D is a crossed product for I’, and by Theorem 4.1 
of [4] every Sylow subgroup of r is metacyclic (a cyclic extension of a cyclic 
group). Since every Sylow subgroup of I’ is a direct product of cyclic groups 
of prime order we conclude: Q(n; x1 ,..., L) is a crossed product implies n 
is not divisible by the cube of a prime. 
Suppose finally that Zp(t) (n; x1 ,..., x,,J is a cross product for r. Let 
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pr , pa be any two primes of K = Z,(t) in the sense of [4]. By (2.1) of [4] 
we construct the division algebra A central over K of dimension 9 having 
invariant l/n at pr , - l/n at pz , and 0 elsewhere. Again by Lemma 4 A is a 
crossed product for p, by Theorem 10.3 of [4] every Sylow subgroup of r 
is metacyclic. Thus, as before, n is not divisible by the cube of a prime. 
5. We extend these results to coefficient fields larger than Q or 
Z,(t). For the sake of clarity we will provide only the argument in character- 
istic 0. Suppose then F is a field of characteristic 0 and D = F(n; xl ,..., &J 
is a crossed product for the group r for some vz > 2. The arguments of [l] 
still yield: 
(A) r is a direct product of cyclic groups of prime order. 
The relations (G,), (G,), (Ga), and (G4) of [l] hold in D, and these involve 
only finitely many coefficients from F. It follows that F,,(n; xl ,..., %J is a 
crossed product for r, where F,, is finitely generated over Q. Changing nota- 
tion (letting F = F,,) we may assume F/Q is finitely generated. As the p-adic 
fields Q, have infinite-transcendence degree over Q for all p 2 0, it follows 
that F can be embedded in a finite extension of Q, . Pick some p for which 
(p, n) = 1; we have then F C H, where [H : Q,] < cc. By the arguments of 
[l] it follows that all n2-dimensional division rings central over H must be 
crossed products for r. But n2-dimensional division algebras over H exist for 
all n. Let A be an n2-dimensional division algebra central over H. There is 
some maximal subfield L of A, H C L C A, with L/H Galois with Galois 
group r, as A is a crossed product for r. Since (n, p) = 1, it follows that 
L/H is tamely ramified. By [3-5-31 and [3-6-41 of [5], we conclude 
(B) Every Sylow subgroup of I’ is metacyclic. 
Conditions (A) and (B) are not compatible if n is divisible by the cube of a 
prime. The analgous arguments in characteristic p yield 
THEOREM 2. Let F be a field of characteristic p 3 0. We assume the trans- 
cendence degree of F over Z, is > 1 if p > 0. Let n be an integer with (n, p) = 1 
if p > 0. Then F(n; xl ,..., xt,,) is not a crossed product for any m > 2 if n 
is divisible by the cube of a prime. 
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